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Of course the missile acceleration and guidance error
histories will be different in the two cases, if only because the
metric law gives an indefinite number of histories from the
time to go at which the controller is activated.

In the relatively general case9'10 where <t>nn(s)=k2
n (white

metric noise) and 4>TT(s)=k^ /s2p, the Wiener-Hopf equa-
tion giving W(s) and X0 (s) ifas an analytical solution. The
poles of W(s), XQ(S), and A/o (s) follow a Butterworth con-
figuration of degree p + 2 with o> = ( kTp /kn ) 1/(^+2) . M0 (s) is
given by

(13)
where m/ are the coefficients of the Butterworth polynomial.
The miss distance is o2

d = m l k2
n. In the angular case, the pro-

portional navigation ratio is p + 2.
Clearly, in most cases, the optimal angular guidance filter

C0(s)=M0(s)S~l(s)P~l(s) is not realizable. In contrast,
the optimal metric law is always realizable.

Conclusion
Linear-Quadratic-Gaussian optimization, without con-

straint on commanded acceleration and with stationary
measurement and process noise, yields the same theoretical
minimum miss distance irrespective of whether the control law
is angular or metric. Generally, however, the optimal angular
law cannot be realized exactly. If an approximate angular law
such as simple proportional navigation is used, the resulting
performance degradation is inversely proportional to
measurement noise. The metric law produces a performance
advantage as a result of time-to-go measurement, which pro-
duces a better missile lateral acceleration history against a
maneuvering target. As is known, the specific problems of
radome design and seeker-to-missile coupling1 are such that
the implementation of an optimal control law is more effective
in the case of command-to-line-of-sight guidance than with
homing guidance.10
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Introduction

THE reorientation of a satellite is often more rapidly
achieved using thrusters rather than internal momentum

transfer devices. However, thrusters have the disadvantages of
being difficult to adjust with precision and of tending to excite
elastic modes of vibration. Feedback control schemes1 have
been offered for thruster control based on pulse-width and
pulse-frequency modulation. If, however, control moment
gyros or other internal mechanisms are available to take over
the fine control once the maneuver is complete, an open-loop
approach for thruster-based attitude acquisition may be
useful. Open-loop control will be especially attractive if the
switching times can be selected in such a way as to effectively
minimize the postmaneuver elastic energy of the system.

The present work is an examination of the relationship be-
tween post maneuver elastic energy and switch time selection.
It is conducted in the context of a simple satellite model that
has served as the basis for other flexible space structure con-
trol studies.2'3 The control is restricted in that only three
switching times can be selected: 1) time Tl, the duration of the
first thrust interval; 2) time T2 at which a braking interval
begins; and 3) time T3 at which the braking interval ends. A
final time 7>, measured from the beginning of the first thrust
interval, is specified before which the maneuver is to be
completed.

Assuming that the system begins from rest, two re-
quirements are placed upon the maneuver: 1) a prescribed
angular impulse (resulting in the desired final system angular
velocity) should be delivered, and 2) a prescribed time integral
of the angular impulse is to be delivered at 7>. In the absence
of an additional constraint or condition, an infinite number of
switch time combinations Tl9 T2, and T3 could be selected
such that the maneuver is completed by time 7>. The selection
of this third condition is shown to have a significant impact
upon the final presence or absence of elastic energy.

The Model
Consider the rigid hub and flexible appendage model of Fig.

1. If the four cantilevered appendages are elastic, of constant
cross section, and relatively long and thin, then the equations
that govern the response of the angular position B(t) of the
rigid hub and that of the appendage deflection y(z,t) to the
control torque u are given by

(1)
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with

dz
#y
dz2 09t) =o (3)

where IT is the total rigid-body mass moment of inertia of the
system about its axis of rotation and the physical parameters
p, El, Rif and R0 are defined as indicated in Fig. 1.

The "average" angular position of the system -6A is defined
in terms of the angular position of the hub 6 and the ap-
pendage defections y(z,t) according to

(4)

In the absence of deflections, 6 and 0A are the same. It follows
from Eqs. (1) and (4) that

(5)

Equation (5) provides two of the criteria for selecting the three
switching times Tlt T2, and T3 illustrated in Fig. 2. If values
of 6A and 6A are prescribed at / = TF, according to

then it can be shown from Eq. (5) that the switching times 7\,
T2, and T3 must satisfy

TI = T\ + T2 - OAF!T/UM (8)

TlUM/IT-6AF
(9)

Thus, the selection of r, determines T2 and T3 from Eqs. (9)
and (8), respectively. The time T{ is not unrestricted, however,
and must fall within bounds given by

T, .'mm (10)

where the selection of Tl = Tl . coincides with the minimum-
fuel choice (T3 = TF) and the selection of Tl = Tl coincides
with the minimum-time choice (T{ = T2).

rest, then the subsequent, angular velocity history is related to
the input control torque u ( t ) according to

(ID

Furthermore, the increment of work dW done on the system
by the torque u over an increment of time dt is given by

= u u(\)g(t-\)d\dto (12)

If M ( t) is of the form shown in Fig. 2, then the total work done
on the system by the control torque over the time interval,
0</<rF, is

i TF r p TI p /
u6dt = u2

M\ g(t-\)d\dto LJo Jo

In the absence of dissipation mechanisms, such as viscoelastic
material damping, the work IV of Eq. (13) is equal to the sum
of the kinetic and elastic energies remaining in the system at
TF. This final energy can be broken down into two parts,

(14)

where the first term on the right is the rigid-body kinetic
energy and ER is that part of the postmaneuver energy due to
elastic vibration.

Of interest here is the dependence of ER upon the choice of
T! [subject to Eqs. (8) and (9)]. To ascertain this relationship
for the model of Fig. 1, the impulse response g ( t ) used in Eq.
(13) must be found. A method similar to that detailed in Ref. 4
for a simpler, but analogous, system is used.

First, the Laplace transformation of Eqs. (1-3) is taken
resulting in

zY(z)dz=U (15)

(16)

The Selection of 7\
A reasonable criterion for the selection of T{ subject to the

restrictions of Eqs. (8-10) would be the degree of elastic energy
remaining in the system following the maneuver. Let g ( t ) be
the response of the angular velocity of the hub 0(t) to a unit
impulse. If the system begins from an undeformed state of

E = MODULUS OF ELASTICITY
1 = TRANSVERSE AREA MOMENT OF INERTIA
P = MASS/LENGTH

y(z,t)

Fig. 1 Satellite model.

with

dz dz2 (17)

where the upper-case variable names 9, Y ( z ) , and U are the
Laplace transformations of the lower case 0(t), y(z,t), and
u(t). The general solution to the fourth-order ordinary dif-
ferential equation (16) can be written

Y(z) =

(18)

UM

-TIME

Fig. 2 Switch times.



JULY-AUGUST 1986 ENGINEERING NOTES 509

Oij

Fig. 3 Elastic energy vs Tl, rest-to-rest maneuver.
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Fig. 4 Hub angle response.
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where the somewhat involved evaluation of the constants A,
B, C, and D is made using the transformed boundary condi-
tions of Eq. (17). Equation (18) is then substituted into the in-
tegral of Eq. (15) and that integral is solved analytically. With
this integral solved, the transformed base angle 9 appears
linearly in each term on the left side of Eq. (15), allowing for
evaluation of the transfer function as follows:

—s

Table 1 Physical parameters used in the test case

+ 2)

4- 2p [e2$Ri ( -

? - 4)((s2 - c2)siCi - (5? - C2)s0c0 )

- stc0 ) 2 - (cfc0 + StS0 )2]

i + 1)] } -1 (19)

where /0 is the mass moment of inertia of the rigid hub about
the axis of rotation and

P=(ps2/4EI)l (20)

(21)

(22)

(23)

(24)

The impulse response of interest g ( t ) is found by evaluating
the inverse Laplace transformation of Eq. (19) using the
method of residues.5 Thus,

g ( t ) =-7-+ Cjexp(Sjt) + Cj&v(Sjt)
*T j,l

(25)

and Sj = i<»>j (along with its complex conjugate $'• = -/w/) are
the imaginary poles of Eq. (19). The complex coefficients C,
are found from Eq. (19) according to

C, = l U (26)

The series of Eq. (25) must be truncated at some point
before the input energy determined from Eq. (13) can be

70 = 66.27 N-m-s2

IT =287.31 N-m-s 2

Rf = 0.50m
R0 = S.50 m
p =0.27kg/m
£7= 57.46 N-m2

co! = 1.55 rad/s
o>2 = 5.32 rad/s
co3 = 14.21 rad/s
«4=27.65 rad/s
co5=45.64 rad/s
o?6 = 68.11 rad/s

evaluated. Equation (13) seems to converge adequately with
the inclusion of a small number of terms.

A Rest-to-Rest Example
The physical parameters used for the example are given in

Table 1. The torque level UM is 10 N -m and the final time TF is
100 s. The angle 0AF is required to reach a value of ?r/2 by
t=TF, with^F = 0.

Six terms from the series of Eq. (25) were retained to assess
the relationship of the postmaneuver vibrational energy (ER)
with the first switch time Tl9 subject to Eqs. (6-10). The first
six natural frequencies corresponding to the poles of Eq. (19)
are reported in Table 1. A plot indicating the relationship be-
tween T{ and ER is shown in Fig. 3. Clearly, the choice of T{ is
significant. Several values or value ranges of Tl appear to be
good selections from the standpoint of low elastic energy. The
centers of the broadest intervals of Tl9 which result in rela-
tively low energy levels, appear to be particularly attractive
selections from the point of view of minimizing the adverse ef-
fect of actuation error.

Three types of impulse response variations were investigated
to determine the sensitivity of the lowest energy Tl values to
modeling error: 1) sensitivity to the number of modes in-
cluded, 2) error in the frequencies, and 3) error in the values of
the complex coefficients C, and C, of Eq. (25). In all three
cases, a plot similar to that of Fig. 3 was constructed, with
only the particular variation of interest in the impulse response
model to account for disparities with Fig. 3. Error in the fre-
quencies appeared to be of some significance, but neither er-
rors on the order of 5% in the coefficients nor the use of two
rather than six modeled modes were sufficient to result in
switch time selections that would produce significantly altered
residual elastic energy.

To visualize the impact of the Tl selection upon the motion
of the flexible body, two different plots of angular position 6
of the hub versus time are superimposed in Fig. 4. The first is
the result of the selection of time Tf and the second is the
result of the selection of time 7f (both located in Fig. 3). The
angular position calculation is based upon a convolution in-
tegral like that of Eq. (11), where

0(0 =( u(\)g(t-\)d\Jo (27)
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Six natural frequencies are retained in the impulse response
function g for the purpose of generating Fig. 4.

Conclusions and Remarks
Impulse response functions are shown to be a potentially

useful tool for the selection of control switch times in the
bang-bang attitude control of linear, elastic, slewing satellites.
Experimentally acquired impulse responses may be suitable
for this purpose, since indicated switch times (which result in
relatively low postmaneuver vibrational energy) do not appear
to be overly sensitive to identification error (with the exception
of frequency error). The adverse effects of actuation error
upon postmaneuver elastic energy levels can be reduced if
longer control bursts associated with switch times closer to the
minimum-time rigid-body solution are favored over shorter
bursts near the minimum-fuel solution. This is due to the fact
that the low-energy troughs are significantly broader close to
the minimum-time solution. The magnitude of the energy
peaks, however, is lower for 7\ values selected near the
minimum-fuel solution.
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